We address the problem of the difference of line widths of neutrals and ions observed from molecular clouds and explore whether this difference can arise from the effects of magnetohydrodynamic (MHD) turbulence acting on partially ionized gas. Among the three fundamental modes of MHD turbulence, we find fast modes do not contribute to linewidth differences, whereas slow modes can have an effect on different line widths for certain parameters. We focus on Alfvénic component because they contain most of the turbulent energy, and consider the damping of this component taking into account both neutral-ion collisions and neutral viscosity. We consider different regimes of turbulence corresponding to different media magnetizations and turbulent drivings. In the case of super-Alfvénic turbulence, when the damping scale of Alfvénic turbulence is below l A , where l A is the injection scale of anisotropic GS95-type turbulence, the linewidth difference does not depend on the magnetic field strength. While for other turbulent regimes, the dependence is present. For instance, the difference between the squares of the neutral and ion velocity dispersions in strong sub-Alfvénic turbulence allows evaluation of magnetic field. We discuss earlier findings on the neutral-ion linewidth differences in the literature and compare the expressions for magnetic field we obtain with those published earlier.
INTRODUCTION
The interstellar medium (ISM) is turbulent and magnetized (see Armstrong et al. 1995; Chepurnov & Lazarian 2010) . As the densest part of ISM, molecular clouds are typical environments where many observational phenomena can only be correctly understood in the framework of MHD turbulence (see McKee & Ostriker 2007 and references therein) .
The turbulence in molecular clouds takes place in partially ionized gas. This makes turbulence more complicated and induces new effects related to the relative motion of neutrals and ions. The difference of neutral and ion line widths has been detected by a number of observations of turbulent molecular clouds (Houde et al. 2000a,b; Lai et al. 2003) . The narrower line profiles of ions have been explained by modeling bulk motions of neutral flows and their frictions with ions, which are trapped along magnetic field lines (Houde et al. 2004) . This process was interpreted as ambipolar diffusion (see Shu 1992) . Moreover, Houde et al. (2002) argued the ion-to-neutral line width ratio is related to the orientation of magnetic field, which would open a new way to study magnetic fields.
An important study that explored the line width differences was by Li & Houde (2008) (henceforth LH08) who for the first time related these differences to the different turbulence truncation for neutrals and ions. In fact, they attributed the difference between the turbulent velocity dispersion spectra of coexistent neutrals and ions to their different turbulent energy dissipation scales, relating it to the ambipolar diffusion concept. Their approach provided for the first time a plausible explanation of the linewidth differences based on the concept of ubiquitous interstellar turbulence. Referring to some of the available studies of turbulence in partially ionized gas, LH08 proposed a technique to determine the neutral-ion decoupling scale and also the strength of the plane of-the-sky component of magnetic field. Their work served as a cookbook for the follow-up studies attempting to measure from observations magnetic field strength in molecular clouds (see Hezareh et al. 2010 Hezareh et al. , 2014 .
While we agree with the interpretation of the neutral-ion linewidth differences as arising from the differential damping of the turbulence cascade, however, in the absence of a theoretically justified and numerically tested treatment of MHD turbulence, the approach employed in LH08 can be problematic as far as the quantitative conclusions and derived analytical expressions are concerned. MHD turbulence has been a focus of intensive investigations in the last decade, which change the subject considerably (see reviews by Lazarian et al. 2012; Brandenburg & Lazarian 2014 and references therein). For instance, the anisotropy of Alfvénic turbulence is an essential part of MHD turbulent cascade (Goldreich & Sridhar 1995, hereafter GS95) and corroborated by the numerical studies by mode decomposition (Cho & Lazarian 2002 , 2003 Kowal et al. 2009 ). Ignoring this is known to be erroneous for many applications of turbulence, e.g. the acceleration and propagation of cosmic rays (see Yan & Lazarian 2004; Yan 2015) , propagation of heat (see Lazarian 2006) , turbulent magnetic reconnection (Lazarian & Vishniac 1999; Eyink et al. 2013) , and other astrophysical problems. As the essencial theoretical ingredient, we believe that the proper treatment of MHD turbulence is required to address the problem of neutral-ion difference in linewidths.
Studies that treat MHD turbulence in the partially ionized gas include Lithwick & Goldreich (2001) and . The former studies focused on only one damping mechanism, e.g. neutral-ion collisions in Lithwick & Goldreich (2001) and viscosity in neutrals in . Lithwick & Goldreich (2001) dealt with a high-β and ion dominated medium, and derived an isotropic damping rate. Since the neutral fraction under their consideration is sufficiently small, they argued the cascade of Alfvén modes can survive the neutral-ion collisional damping and is truncated at the transverse length scale of the proton gyroradius. And slow modes are damped at the proton diffusion scale, at which protons can diffuse across an eddy during its turnover time. analyzed turbulence damping in view of the magnetic reconnection, and discussed the effects of neutral viscosity in high Prandtl number turbulence, i.e. the turbulence in the media with viscosity much larger than resistivity (see numerical simulations in Cho et al. 2002a) . These approaches can only be applied in particular media. To achieve a comprehensive picture of the damping process, both damping effects should be taken into account, without any restrictions imposed on environment parameters.
Another worry on LH08 is that they adopted the lower envelope of the velocity dispersion spectra to represent the actual three-dimensional (3-D) one. The correspondence between the 3-D velocity dispersions and minima of the two-dimensional (2-D) ones has later been studied in Falceta-Gonçalves et al. (2010) . Using a number of MHD simulations with different sonic and Alfvénic Mach numbers, they found the limitations associated with the procedure of obtaining the 3-D velocity dispersion from observations. They showed that the discrepancy can be significant in some particular cases (see figure 2 in their work) and therefore the accuracy of the technique that makes use of these dispersions is also limited.
Our main goal is to explain neutral-ion linewidth differences based on the physically motivated and numerically tested picture of MHD turbulence as a composition of the cascades of Alfvén, slow and fast modes. We consider mostly Alfvénic modes in this paper and provide the detailed treatment of their damping as well as decoupling of neutral fluid from the Alfvénic motions. We consider the effects of scaledependent anisotropy associated with the cascade and find that it is very important for understanding the physics of neutral-ion interactions at sufficiently small scales. To gain a general solution, we will study super-and sub-Alfvénic turbulent plasmas separately. To study the damping process in partially ionized plasma, we treat ion-electron and neutral fluids separately. This two-fluid approach is fully described in Zaqarashvili et al. (2011) and studied numerically by Tilley & Balsara (2010) . We will also compare our results with those in earlier studies, e.g. in Lithwick & Goldreich (2001) . This understanding of turbulence we will use to obtain expressions for the difference in neutral and ion squared velocity dispersions in various turbulent regimes.
We organize this paper as follows. We briefly present the scaling laws of MHD turbulence cascade in Section 2. Section 3 contains our investigation on damping process in partially ionized plasma and explicit damping scales in different turbulence regimes of Alfvénic turbulence. Section 4 briefly discusses the damping of fast and slow modes. Following that, in Section 5 we illustrate the effect of distinctive damping scales of ions and neutrals on their different spectral linewidths in various situations. Some important results are extracted and summarized in Section 6. Section 7 introduces methods to determine magnetic field which can be applicable to both superand sub-Alfvénic turbulent molecular clouds. Discussions are given in Section 8. Finally, Section 9 summarizes our results.
PROPERTIES OF MHD CASCADE
It is known that small scale MHD perturbations can be decomposed into Alfvén, slow and fast modes. (see Dobrowolny et al. 1980 ). However, there exists an opinion that such a decomposition is not meaningful within the strong compressible MHD turbulence due to the high coupling of the modes. (see Stone et al. 1998) . Numerical simulations show that the cascade of Alfvén modes can be treated independently due to the weak back-reaction from slow and fast modes (Cho & Lazarian 2003) . This also agrees with the theoretical arguments in the pioneering Goldreich & Sridhar (1995) study (see also Lithwick & Goldreich 2001) . The decomposition was usually discussed in literature for the case of a strong background magnetic field with infinitesimal fluctuations. Cho & Lazarian (2002 , 2003 dealt with perturbations of substantial amplitude and clearly showed the statistical nature of the procedure. Potentially a more accurate decomposition was suggested by Kowal & Lazarian (2010) . In addition to Fourier transformations, they introduced wavelet transformations which follow the local magnetic field direction. Their study confirmed the results in Cho & Lazarian (2003) .
Next we first discuss the Alfvénic cascade, which is expected to carry most of the MHD turbulence energy (see Cho & Lazarian 2005) .
MHD turbulence can be subdivided into super-and subAlfvénic regimes, determined by the initial turbulent energy relative to the magnetic energy (see Brandenburg & Lazarian 2013 is Alfvén velocity 4 , we have (see Lazarian 2006) 
for l A < 1/k < L, and
for 1/k < l A . Here l A = LM −3
A is the injection scale of GS95 turbulence, where magnetic field becomes dynamically important and turbulence anisotropy develops (Lazarian 2006) .
The cascading rate is given by
where the rate given by Eq. (5a) is a usual Kolmogorov cascading rate for hydrodynamic turbulence, while Eq. (5b) corresponds to GS95 cascading of a strong balanced cascade of Alfvénic turbulence 5 . We then turn to sub-Alfvénic case (M A < 1). Weak turbulence exists in a range l tr < 1/k < L, where l tr = LM (Lazarian & Vishniac 1999) . In this paper, we spare the discussion on weak turbulence because of its very limited spatial range.
When we arrive at strong turbulence region with scales smaller than l tr , scalings become
and
A .
The corresponding cascading rate is
We see the cascade proceeds faster at smaller scales. The other two basic modes in MHD turbulence are fast and slow modes, which are compressible. The cascade of slow modes evolves passively and follows the same GS95 scaling as described above (GS95, Lithwick & Goldreich 2003; Cho & Lazarian 2003) . Fast modes have weak coupling with Alfvén modes and show isotropic distribution. The cascade of fast modes is radial in Fourier space and have scaling relations compatible with acoustic turbulence (Cho & Lazarian 2002) . The cascading rate of fast modes is (Yan & Lazarian 2004) ,
where V f is the phase speed of fast modes. The damping analysis in the following of the paper will be put on the basis of the properties of MHD turbulence described above.
DAMPING OF ALFVÉNIC CASCADE IN PARTIALLY
IONIZED PLASMA To study turbulence damping we will compare the rate of turbulence cascading with the rate of wave damping. Our study of the damping process of turbulence is based on the linear analysis of MHD perturbations. In this section we first discuss the decoupling scales, then we present the damping scales in different turbulent regimes.
Decoupling scale
Decoupling can happen when neutrals decouple from ions or contrariwise. In mostly neutral medium, neutrals decouple at a larger scale compared to ions. In what follows, the decoupling scale we consider is the scale where neutrals decouple from ions. It is determined by the condition that the frequency of Alfvén waves is equal to neutral-ion collision frequency ν ni , namely
Here ν ni = γ d ρ i . γ d is the drag coefficient defined in Shu (1992) . It is related to the ion-neutral collision frequency ν in by ν ni ρ n = ν in ρ i . Super-Alfvénic turbulence. In the case of super-Alfvénic turbulence, turbulence performs isotropic Kolmogorov cascade until reaching l A . Then turbulent eddies get more and more elongated along magnetic field lines. For the decoupling scale in MHD turbulence regime, in combination with Eq. (3), Eq. (10) yields
νnilA becomes much smaller than 1. Then one can approximately get,
Notice that, the component of k dec perpendicular to magnetic field is
It shows k dec ∼ k dec,⊥ when k −1 dec ≪ l A due to increasing anisotropy with decreasing scales.
Sub-Alfvénic turbulence.
For the sub-Alfvénic case, anisotropy applies to all scales below the injection scale and is prominent in strong turbulence regime. In strong turbulence regime, by inserting Eq. (6) in Eq. (10), we can obtain
Similarly, for a small decoupling scale, the second term in the square root can be neglected. Then k dec can be approximated by its perpendicular component, that is,
It is different from k dec,⊥ in super-Alfvénic case (Eq. (13)) by M −1/2 A . Below the decoupling scale, the interactions between neutrals begin to overtake those with ions. Therefore, neutral fluid starts to evolve along the hydrodynamic cascade, while ions still experience the collisional friction with neutrals and MHD cascade proceeds in ions. The Alfvén waves in ions below the decoupling scale still propagate with the speed
, where ρ is total density. Until reaching the scale where ions decouple from neutrals and the two species are completely decoupled, then the Alfvén speed in ions becomes
, where ρ i is ion density.
Damping scale of ions
In molecular cloud context, the general dispersion relation of Alfvén waves incorporating damping through both neutralion collisions and neutral viscosity takes the form
where τ −1 υ ≡ k 2 ν n , representing collision frequency of neutrals . Here ν n is the kinematic viscosity in neutrals,
χ is defined as ρ n /ρ i . If we set τ −1 υ = 0, the above equation recovers the classic dispersion relation of Alfvén waves found by e.g., Piddington (1956) ; Soler et al. (2013b) .
The complex wave frequency is expressed as ω = ω R +iω I . By assuming weak damping, i.e. |ω I | ≪ |ω R |, we obtain the approximate analytic solution
where
The absolute value of the imaginary component |ω I | is the rate of damping. By equaling the damping rate and the cascading rate of turbulence, we can determine the scale where the cascade of Alfvénic turbulence in ions is truncated, i.e., the damping scale of ions k
And in what follows, we consider "damping scales" to be the damping scales in ions, unless turbulence is damped in strong coupling regime, i.e., motions in both fluids are damped simultaneously.
Derivation of k dam directly from Eq. (18b) is not easy and the resulting expression may be too complicated to illuminate the physical meaning. We found at weakly coupled limit, ν ni , ν in ≪ ω, the wave frequency can be reduced to
It signifies neutral viscosity can only influence the behavior of Alfvén waves over the scales when neutrals and ions are strongly coupled. Hence the damping scales incorporating two damping effects can be calculated in the strong coupling regime. Although we adopt the assumption of strong coupling, it turns out the analytical wave frequencies derived at this limit align consistently with the real values even at scales smaller than 1/k dec (see Section 3.7). Therefore, we are able to employ ω I for coupled two fluids to derive k dam analytically, even for a situation where k dam > k dec . We first rewrite Eq. (16) as
where ω k = k cos θV Ai . We consider strongly coupled regime, namely, ν ni ≫ ω. After some simplifications, the above equation becomes
We see the real part of the wave frequency (Eq. (23a) and (20a)) corresponds to the classic Alfvén wave under the weak damping assumption. Given this simplified expression of ω I , we are able to obtain k dam analytically.
(1) Super-Alfvénic turbulence In Kolmogorov turbulence regime, the equation between |ω I | (Eq. (23b)) and τ −1 cas (Eq. (5a)) yields
(24) Here cos θ in ω k is just k /k. We adopt the scaling relation given by Eq. (1).
In MHD turbulence regime, according to the critical balance condition given by GS95,
By taking advantage of Eq. (3), the above equation gives the corresponding damping scale
The damping of Alfvénic turbulence depends on the angle between k and B. Here we assume the parallel and perpendicular components of k dam with respect to the local magnetic field are related by GS95 scaling relation (Eq. (3) for superAlfvénic turbulence), which describes the scale-dependent anisotropy of turbulent eddies, and has been proved by numerical simulations (Cho & Lazarian 2002 , 2003 . The accuracy of this approximation is discussed in Appendix A by providing more detailed calculations. We find the approximation used here is sufficiently accurate and therefore we use it for the rest of the paper.
(2) Sub-Alfvénic turbulence In strong MHD turbulence regime, by using Eq. (23b) and (6), the condition |ω R | = |ω I | yields A . This difference comes from the different cascading rates of super-and sub-Alfvénic turbulence (see Eq. (5b) and (8)).
The damping scales presented here can be used in a general situation when both neutral-ion collisions and neutral viscosity act on turbulence damping. Next, we will first discuss the relative importance of the two damping effects in strongly coupled regime, where neutral viscosity can play a crucial role (Section 3.3), Then we study the simplified dispersion relations at limit cases with only one dominant damping effect (Section 3.4 and 3.5). The damping scale introduced in each case has a simpler form and applies to different situations.
Relative importance of two damping effects
When it comes to astrophysical applications, it's important to evaluate the relative importance of the two damping effects.
The starting point is the damping rate derived from the simplified general dispersion relation in strongly coupled regime (Eq. (22)). The two terms in Eq. (23b) represent the contributions from the two damping effects. Their ratio,
reflects the relative role of neutral viscosity, as compared to neutral-ion collisional damping. This expression can be further evaluated by taking into account different turbulent regimes. For super-Alfvénic turbulence, it becomes
And for sub-Alfvénic turbulence, when 1/k < l tr , we have
(30) Here l = k −1 , and cos θ in ω k is derived from the scalings presented in Section 2. Specifically, r > 1 indicates neutral viscosity is the dominant damping effect. Conversely, it can be safely neglected. Notice that r increases with decreasing length scales. It can always exceed one at a sufficiently small scale. But in fact, due to the assumption of strong coupling, the validity of this criteria is restricted to large scales. As is discussed earlier, neutral viscosity has no effect on Alfvén waves at small scales when neutrals are decoupled. Therefore, the criteria is applicable to determine the relative importance of the two damping mechanisms at a certain scale in strong coupling regime, where neutral viscosity can be important. By comparing Eq. (29b) and (30), we find with the same T, B, ρ, ξ i and l, sub-Alfvénic turbulence is more likely to have r > 1. We will explore the applicability of the criteria for selected models of molecular clouds in Section 3.7.
The damping scales for a joint damping can be further simplified when only one damping effect is taken into account. We again perform the analysis in super-and sub-Alfvénic turbulence separately.
(1) Super-Alfvénic turbulence k dam in Kolmogorov turbulence (Eq. (24)) can be reduced to
In MHD turbulence regime, when r < 1, k dam, (Eq. (26a)) becomes
The resulting k dam is
If we take into account k ≪ k ⊥ and k ∼ k ⊥ at scales much smaller than l A , k dam can be approximated by its perpendicular component
Notice that different from total k dam , its perpendicular component k dam,⊥ doesn't have a dependence on V A , or B. In addition, going back to the approximate expression of k dec at k
In the opposite situation when r > 1, damping scale in Eq. (26) has the form
With l n ≪ l A taken into account, k dam is approximated by
which is the same as that given by Eq. (31b). It shows k dam due to neutrals' viscous damping is uniform over all scales in super-Alfvénic turbulence.
(2) Sub-Alfvénic turbulence In strong turbulence regime, at r < 1, Eq. (27) takes the form
k dam can be simplified to 
Also, we find k dam, remains the same as that in superAlfvénic case (Eq. (32)). The different turbulence properties between super-and sub-Alfvénic turbulence can only affect k dam,⊥ in this case.
At r > 1, Eq. (27) is simplified to,
Under the consideration of l n ≪ L, k dam can be approximated by
The damping scales and their approximate expressions presented above are derived by applying the assumption of strong coupling to the general dispersion relation (Eq. (22)). In most cases, only one damping mechanism plays the dominant role. Knowing the relative importance of the frictional and viscous damping, we only need to deal with a simplified dispersion relation considering one damping effect. In this spirit, we will perform the analysis with focus on only the dominant damping process in the following subsections.
3.4. Damping of Alfvénic cascade due to neutral-ion collisions In the case that damping due to neutral viscosity is negligible, i.e. r < 1, by setting τ −1 υ = 0 in Eq. (16), we can obtain the well-known dispersion relation in the presence of only neutral-ion collisions (see e.g., Soler et al. 2013b) ,
We obtain the damping rate |ω I | by approximately solving the above equation under the weak-damping assumption. The approximate solutions are
The solutions can be further simplified when neutrals and ions are strongly coupled, i.e., k < k dec where k dec is described in Section 3.1,
By comparing with τ −1 cas , we find the ratio |ω I |/τ −1 cas depends on both the coupling of two fluids and turbulence properties,
(1) Super-Alfvénic turbulence We first consider superAlfvénic turbulence. We find (Eq. (45b) , (1), (3) and (5))
in strongly coupled regime, and (Eq. (20b), (5))
in weakly coupled regime. It means the damping may take place either in strongly coupled regime or in the vicinity of k dec . Actually we will show in Section 3.7 that Eq. (45b) can still serve as a good approximation of the actual value below the decoupling scale. Therefore we can use Eq. (45b) to calculate the damping scale. By equalizing |ω I | (Eq. (45b)) and τ −1 cas (Eq. (5)), the damping scale is given by
where ξ n = ρ n /ρ. The scaling relations between k ⊥ and k we use are taken from Eq. (1) for [L, l A ] and Eq. (3) for
which is independent of magnetic field strength.
(2) Sub-Alfvénic turbulence We then move to subAlfvénic turbulence. When k dec is in strong turbulence regime, |ω I |/τ −1 cas in strong and weak coupling regimes are (Eq. (45b), (20b) , (8), (6))
Analogously, we equate |ω I | (Eq. (45b)) and τ −1 cas (Eq. (8)), in combination with Eq. (6), and derive
At small scales, it can be approximated by k dam,⊥ ,
(52) Another issue needs to be stressed is when solving the dispersion relation (Eq. (43)), we find the properties of the solutions depend on the value of χ. Soler et al. (2013b) pointed out, when χ < 8, we can always get a complex wave frequency, while when χ > 8, there is a interval of parallel wavenumbers (k + , k − ) where only purely imaginary solutions exist. This "cutoff" region has been identified earlier by Kulsrud & Pearce (1969) , corresponding to the range of no propagation of Alfvén waves. The physical meaning has been discussed phenomenally, without taking anisotropy of turbulence into account (see Kamaya & Nishi 1998; Mouschovias 1987) . It is necessary to reexamine the cutoff region from the point of view of scale-dependent anisotropy. By using the scaling relations given in Section 2, we derive the full expressions of k + and k − for both super-and sub-Alfvénic turbulence (see Appendix B).
In fact, the "cutoff" region can also be approximately located by setting
In strongly coupled regime, from the expressions in Eq. (45), Eq. (53) gives
In weakly coupled regime, the solutions in Eq. (44) are reduced to Eq. (20). And Eq. (53) yields
The maximum ionization fraction required for the existence of "cutoff" wavelengths can also be roughly estimated by setting k
. Then we turn to the expressions of k ± (Soler et al. 2013b ),
They stand when χ > 8. At the limit of large χ, the above expressions approximate to
which coincide with Eq. (54) and (55). It confirms that the "cutoff" set by |ω R | = |ω I | provides a good approximation of nonpropagating region with ω R = 0. Meanwhile, as described in Section 3.2, |ω R | = |ω I | in strong coupling and strong MHD turbulence regime is equivalent to the damping condition and provides the damping scale. Notice unlike ω R , which has a change of phase speed at
cas is only determined by the conditions at L (Section 2). Therefore, k dam corresponds to the lower limit wavenumber k + c of the cutoff. That explains k + c, in Eq. (54) is the same as k dam, in Eq. (32) at ξ n ∼ 1.
Moreover, the consistency between the expressions of k + (Appendix B) and k dam indicates the calculation of the cutoff region provides an alternative approach of determining damping scales in the case of neutral-ion collisional damping. We will numerically compare k + and k dam in Section 3.7. However, it's worthwhile to mention that the same as the critical balance, this approach only applies when k dam is in strong MHD turbulence. Another limitation is that it requires a low ionization degree, i.e. χ > 8, which is usually true in molecular clouds. Although our approach doesn't impose any restriction on χ, we recall that r increases with ξ i (see Section 3.3). It means viscosity of neutrals tends to dominate damping in a highly ionized medium.
The cutoff arises due to the linear interaction between two fluids. The main difference of the damping process from cutoff is the involvement of nonlinear turbulence cascade. But indeed, we see the correlation between the boundary of the cutoff k + c and k dam . The physical reason is that Alfvénic turbulence has its Alfvén rate (k V A ) equal to the eddy turnover rate (k ⊥ v l ). The critical balance between the wave-like motions parallel to magnetic field and mixing motions of magnetic field lines in the perpendicular direction bridges the linear waves and nonlinear turbulence cascade (GS95, Cho et al. 2002b; Cho & Lazarian 2003) . To better seek the physical connections between k + c and k dam , in the following of this paper, we use the condition |ω R | = |ω I | to confine the cutoff region (k
, which is also shown by numerical results to have marginal difference from the non-propagation region (k + , k − ) with ω R = 0. We list the expressions of k ± c for different turbulence regimes in Appendix B.
3.5. Damping of Alfvénic cascade due to viscosity of neutrals When neutral viscosity is the dominant damping effect, i.e. r > 1, the general dispersion relation (Eq. (16)) can be simplified to
The approximation ν ni = 0 used here artificially removes the effect of neutral-ion collisions, as well as their coupling. Recall that neutral viscosity can only affect Alfvén waves when neutrals and ions are coupled (Section 3.2). Thus Eq. (58) has a limited applicability and is only used here for obtaining a simplified damping rate,
which enables us to achieve a concise expression of k dam in this limit case.
(1) Super-Alfvénic turbulence Following the same method described above, we equalize |ω I | (Eq. (59)) and τ −1 cas (Eq. (5)). The damping scale of super-Alfvénic turbulence becomes
If we consider l n is much smaller than l A , Eq. (60b) becomes
the same as Eq. (60a). (2) Sub-Alfvénic turbulence The damping scale of subAlfvénic turbulence can be given by
Based on Eq. (20) and (23), for MHD turbulence regime (1/k < l A ) in super-Alfvénic turbulence and strong turbulence regime (1/k < l tr ) in sub-Alfvénic turbulence, the cutoff region in this case has boundaries as k Table 1 summarizes the damping scales derived in Section 3.4 and 3.5. In comparison with the results in Section 3.3 for the corresponding limit situations, we find that in an almost neutral plasma, i.e. ξ n ∼ 1, the two approaches come to the same results. The expressions in Table 1 provide us a convenient way to evaluate k dam in different turbulent regimes. We will numerically test the accuracy of these analytical k dam from Table 1 in Section 3.7.
Damping scale of neutrals
After neutrals decouple from ions, i.e. k > k dec , hydrodynamic turbulence starts to evolve in neutral fluid, with a cascading rate τ
The dissipation mechanisms of turbulence in neutrals also include both neutral-ion collisions and viscosity in neutrals. Their relative importance can be determined by the ratio of their damping rates, 
At the decoupling scale, assuming we are in MHD turbulence regime, ν ni is equal to τ −1 cas owing to the critical balance. And r n can be smaller than 1 as a result of l n ≪ k −1 dec . In this case neutral-ion collisions dominates damping. But since τ −1 cas /ν ni ∝ k 2/3 , hydrodynamic cascade in neutrals at scales k > k dec remains unaffected by their collisions with ions. On the other hand, r n increases with k, so viscosity will become the dominant damping effect at small scales when r n > 1. By equaling the viscous damping rate and turbulence cascading rate, i.e. τ
cas , we can get the corresponding viscous scale,
is the damping scale where the hydrodynamic cascade terminates. In a typical molecular cloud, the damping scale of neutrals is usually much smaller than that of ions.
It is worthwhile to clarify that in a particular situation, damping of Alfvénic turbulence can happen before neutrals decouple from ions. In this case the above analysis cannot apply since no turbulence exists in neutral fluid at k > k dam . But the turbulence cascade in ions may reemerge below the damping scale, since magnetic field perturbations are not suppressed and drive velocity fluctuations in the damped regime ). We will not perform a detailed discussion about this situation in this work. We refer the reader to for extensive information.
Application to models of typical molecular clouds
We list the parameters used for typical super-and subAlfvénic molecular clouds in Table 2 . L and V L are chosen to have typical values for ISM. We set different V L values for the two models of sub-Alfvénic molecular clouds. γ d value is taken from the calculations in Draine et al. (1983) . Other parameters are taken from . We adopt the mean molecular mass of ions and neutrals as m i = 29m H and m n = 2.3m H (see Shu 1992) . We define β = Ai for the ion-electron fluid. We will term them as Model 1, 2 and 3 in the following discussions.
We then apply the analytical expressions of damping scales to molecular clouds. With the parameters used, we numerically solved the general dispersion relation (Eq. (16)), and compare the numerically derived damping scales with the analytical ones listed in Table 1 . Fig. 1 illustrates the normalized damping rate as a function of normalized wave number for Model 1. Open circles are analytical result for neutral-ion collisional damping (Eq. (44b)). Its simplification in strong coupling regime is shown by filled circles (Eq. (45b)), which provides a good approximation over a wide range of wave numbers. Triangles represent the general analytical solution including two damping processes (Eq. (18b)). It is consistent with the numerical damping rate (solid line). No effect of neutral viscosity can be seen in this case. Purely imaginary solutions are omitted in the numerical result, corresponding to the discontinuous interval of the solid line. The cutoff (shade region) is confined by k + and k − (Eq. (B2)), and k − overlaps with k − c (Eq. (B5)). Clearly, k + coincides with the k dam calculated using our analytical expression (Eq. (48b)). They both also coincide with the wave number where the turbulence cascade (dash-dotted line) is truncated by damping. Other scales, l (66)) are also denoted by vertical dashed lines. Furthermore, Model 3 falls into the situation we discussed at the end of Section 3.6, where damping happens before neutrals decouple from ions, i.e. k dam < k dec . The dotted line shows the damping rate given by Eq. (59). It doesn't exactly align with the actual solution, but can still provide a good approximation (Eq. (63)) of k dam , where the damping rate intersects the cascading rate. 45b)). Triangles represent the damping rate with both neutral viscosity and neutral-ion collisional damping (Eq. (18b)). Dash-dotted line is the cascading rate of Alfvén mode. We also indicate the scales, 1/l A , k dec , k dam and kν (vertical dashed lines) using their analytical expressions derived in this work. The shaded area corresponds to the cutoff region, defined by k + and k − . 
Model 1 30 10 300 1.3 × 10 −3 20 8.66 3.5 × 10 13 0.46 9.2 × 10 −5 13.9 Model 2 30 5 300 1.3 × 10 −3 20 86.6 3.5 × 10 13 0.0046 9.2 × 10 −7 0.695 Model 3 30 2 300 1.3 × 10 −3 20 173.2 3.5 × 10 13 0.0012 2.3 × 10 −7 0.139 cascading rate On the other hand, the difference between Model 2 and 3 offers us a good opportunity to examine the criteria r we developed in Section 3.3 (Eq. (28)). We replot Fig. 2(a) and 2(b) in Fig. 2 (c) and 2(d). Solid and dashed lines still represent the numerical damping rates with and without neutral viscosity. The squares show the joint contribution from both frictional and viscous damping, given by Eq. (23b). It is a good approximation of the total damping rate at large scales. The dash-dotted line exhibits r as a function of scales. Neutral viscosity overwhelms neutral-ion collisional effect at the scales where r exceeds one. In strong coupling regime, r is smaller than one over all scales in Model 2. But r passes one, together with the arising of neutral viscosity in Model 3. Therefore, we are convinced that r is capable to benchmark the relative importance of neutral viscosity in turbulence damping.
DAMPING OF COMPRESSIBLE MODES IN PARTIALLY IONIZED PLASMA
The present paper is mostly devoted to the damping of Alfvénic turbulence. A comprehensive study on damping of compressible modes in a wide range of ISM conditions will be present in a later paper. For completeness, here we include a brief discussion on damping of fast and slow modes.
Decoupling scale
Fast modes are isotropic and have the decoupling scale as
The decoupling scale of slow modes are the same as that of Alfvén modes, with varying expressions in different turbulent regimes (see Section 3.1).
Damping scale of ions
We proceed as before for Alfvén modes. We first focus on the derivation of the dispersion relation for magnetoacoustic modes in a partially ionized two-fluid plasma given by Zaqarashvili et al. (2011) (also see Soler et al. 2013a ). We again assume weak damping |ω I | ≪ |ω R | and approximately attain the wave frequencies at limit cases of strongly and weakly coupled fluids. At the limit of low wave frequency, ω ≪ ν ni , we find
The sound speed c s used here is defined as
The classic magnetosonic waves are regained in the real part, with the sign ± corresponding to fast and slow waves respectively. In a low-β (β 1) environment, as commonly seen in molecular clouds, Eq. (68) reduces to
for fast modes, and
for slow modes. At the converse limit ω ≫ ν ni , we get the approximate analytical solutions
Eq. (68) and (72) are consistent with the earlier results in Ferriere et al. (1988) . At low-β condition, |ω R | in above solution can be simplified to V Ai k for fast modes and c si k cos θ for slow modes. Given the damping rate, we next explore the damping scales of fast and slow modes.
(1) Damping of fast modes The comparison between |ω I | (Eq. (70b) and (72b)) and τ −1 cas (Eq. (9)) shows
If the damping condition |ω I |/τ −1 cas = 1 is satisfied in the strongly coupled regime, the corresponding damping scale is given by (Eq. (68b) and (9))
which takes form
when β is small. Using the set of parameters of Model 1, Fig. 3(a) illustrates the damping of the cascade of fast modes. The same symbols are used as in Fig. 1 . The solid line is the numerical damping rate by solving the dispersion relation for compressible modes, equation (57) in Zaqarashvili et al. (2011) . Open circles are the damping rate from Eq. (70b) and (72b). Since τ −1 cas is above |ω I | over the entire coupling regime, k dam in Eq. (74) does not apply in this paradigmatic case. But there is a distinctive feature of the cascade of fast modes, that the phase speed V f is involved in τ −1 cas (Eq. (9)). In a low-β plasma, V f experiences a change from V A in two fluids to V Ai in ions, resulting in a remarkable drop of τ −1 cas at k dec . Thus |ω I | can take the advantage and get ahead of τ −1 cas at k dec . Therefore, we have k dam = k dec in this case.
In fact, k dam given by Eq. (74) can be larger or smaller than k dec , depending on a certain combination of parameters used. Therefore, based on both the analytical and numerical results, we come to the conclusion that the damping scale of fast modes is (5), (8)),
for both super-and sub-Alfvénic turbulence. Before tackling the damping of turbulence cascade, we first deal with the cutoff region of slow modes. We only look into regions at 1/k < l A in super-Alfvénic turbulence, and 1/k < l tr in sub-Alfvénic turbulence. From Eq. (71), Eq. (3) and (6), we deduce
for super-Alfvénic turbulence, and
for sub-Alfvénic turbulence. Using Eq. (72) at low-β limit,
The expressions of k ± c are given in Appendix B. The inspection of the damping rate in Fig. 3(b) shows the cutoff starts earlier before |ω I | (solid line) intersects with τ respectively. This new sort of slow modes sustained by neutrals appears at high wave frequency end, which was earlier revealed in Zaqarashvili et al. (2011) . It has a damping rate as
We see there are two nonpropagating intervals. Their outer boundaries correspond to k ± c (Eq. (B7)).
We further examine |ω I | (Eq. (71b)) and τ −1 cas (Eq. (5b), (8)) at k + c , using Eq. (3) and (6), and find 
as the damping scale of slow modes.
DIFFERENCE BETWEEN THE VELOCITY DISPERSION SPECTRA OF NEUTRALS AND IONS
We start with the Alfvén modes. Because the energy spectra of turbulence vary in different M A domains, it is necessary to perform the analysis in super-and sub-Alfvénic turbulence respectively.
Super-Alfvénic turbulence
The 3-D energy spectrum of strong MHD turbulence is given by Cho et al. (2002b) ,
Here we replace the injection scale of strong MHD turbulence in the original equation with l A . By integrating the above expression over k , the turbulent energy spectrum density for super-Alfvénic turbulence follows
Eq. (85) and (86) apply to both neutrals and ions when they are coupled. But in MHD turbulence regime (k −1 < l A ), for scales smaller than k −1 dec , Eq. (85) only applies to ions. Neutrals begin to carry out a hydrodynamic cascade independently, with k being isotropic and k = k ⊥ at k dec , having a energy spectrum
At the scale k dam , Alfvénic turbulence cascade terminates in ion-electron fluid, but hydrodynamic cascade proceeds in neutrals until reaching k ν . Since the energy spectra differ in different regimes, we discuss the following cases.
(1) 1/k dec > 1/k dam > l A In this case, ions and neutrals have the same turbulent energy spectra, i.e. E(k) = E n (k).
Since the square of velocity dispersion is proportional to the integration of energy spectrum in k space (LH08), the squared velocity dispersion at k is
(88) for ions and
(89) for neutrals. It is worth noting that in observations, k −1 is the subcloud scale at which the corresponding velocity dispersion is measured. The difference of the squared velocity dispersions of neutrals and ions is
It results from the different integration domains, i.e. different turbulence damping scales of neutrals and ions. With a small viscous scale of neutrals, the above equation becomes
Thus the damping scale of ions can be determined from the measurement of ∆σ
The Alfvénic turbulence is anisotropic in this regime. Since neutrals and ions carry the same Alfvénic turbulence before they decouple, we only need to focus on the velocity dispersion at scales smaller than 1/k dec . From k dec , isotropic turbulence arises in neutrals, thus the turbulence in the two fluids follow different cascades. For ions, the squared velocity dispersion at k(k > k dec ) is given by
while for neutrals, it is
To obtain the exact expression of ∆σ 2 , we start the integration from k dec . Considering at k dec , neutrals and ions still share the same energy spectrum, we get
When the integration applies to neutrals, we have
Thus the difference of the squared velocity dispersions of neutrals and ions can be obtained, (57) in Zaqarashvili et al. 2011 ). In Fig. (a) , analytical damping rate (open circles) is from Eq. (70b) and (72b). In Fig. (b) , purely imaginary solutions are omitted in the numerical result. Solid and dashed lines are "ion" and "neutral" slow modes repectively. Open circles correspond to Eq. (71b) and (72b). The outer boundaries of the two cutoff regions k which stems from both their different energy spectra and different turbulence damping scales. As 1/k ν is negligibly small, ∆σ 2 can be written as
Given the turbulence driving, it only depends on the perpendicular component of the damping scale of ions.
This case is similar to Case (2). But the energy spectra of ions and neutrals begin to diverge only from l A . So we just need to replace k dec with l −1 A in Eq. (94) and (95), and get the same ∆σ 2 as expressed in Eq. (96). Fig. 4(a) displays E(k) as a function of k using the parameters of Model 1, corresponding to Case (2). The shaded area illustrates ∆σ 2 . Although k and k ⊥ cannot be distinguished from the figure due to strong anisotropy, we will show in Section 7.3 that weather ∆σ 2 depends on k dam,⊥ or k dam plays a crucial role in determining magnetic field. Fig. 4(b) shows E(k) of sub-Alfvénic turbulence as a comparison, which we will discuss in the next subsection. 
It replaces k ⊥ in Eq. (92) by k. The dashed line almost overlaps the solid one. It shows at small scales, this change doesn't make a significant difference for the velocity dispersion spectrum. Therefore, we can use Eq. (98) and (93) to compare with the observed velocity dispersion spectra and get the same expression of ∆σ 2 as Eq. (97).
Sub-Alfvénic turbulence
In strong turbulence regime, i.e., k −1 < l tr , the 3-D energy spectrum is (Cho et al. 2002b )
where l tr is the injection scale of strong MHD turbulence. The corresponding 1-D energy spectrum can be obtained by integrating over k ,
We consider the case where l tr > 1/k dec > 1/k dam . At scales larger than the decoupling scale, Alfvénic turbulence cascade proceeds in the strongly coupled two fluids. At k dec , the squared velocity dispersion of ions is given by A factor. The energy spectrum of neutrals with their hydrodynamic cascade starting in the strong sub-Alfvénic turbulence regime takes the form,
The squared velocity dispersion for neutrals is then
Similar to super-Alfvénic turbulence case, in practice, we can use
to approximate at small scales due to high anisotropy when comparing with observations. The difference of the squared velocity dispersions of ions and neutrals is
It can also be written as
when k −1 ν is much smaller than k −1 dam . Fig. 4(b) shows the energy spectrum corresponding to Model 2. The shade region in Fig. 4(b) shows ∆σ 2 expressed by Eq. (106). Different from Super-Alfvénic turbulence, anisotropy applies over all scales in both weak and strong turbulence regimes.
At last we discuss a particular case where k
dec . We take the situation of Model 3 as an example. For Model 3, the turbulence is damped when neutrals and ions are still strongly coupled and behave as one fluid. So the Alfvénic turbulence is truncated in both neutrals and ions at k dam . But the turbulence cascade in ions may resume at small scales (see ) as we discussed earlier. This will lead to a larger velocity dispersion and wider line width of ions than neutrals. Although this model contradicts the existing observational facts, it still deserves special attention since this particular turbulent regime may not be covered by current limited observational data.
We found among all the cases discussed above for both super-and sub-Alfvénic turbulence, only in the Kolmogorov turbulence regime of super-Alfvénic turbulence, ∆σ 2 has a dependence on total k dam . For all the other cases, ∆σ 2 is only related to the perpendicular component of damping scale k dam,⊥ .
Compressible turbulence
Compared with Alfvén modes, fast modes are more severely damped, having the turbulence truncation in strongly coupled regime or critically at the decoupling scale, which depends on the environment parameters (Eq. (76)). In any case, the turbulent energy spectra of fast modes dissipate at the same scale for the coupled neutrals and ions, so damping of fast modes does not contribute to the difference of squared velocity dispersions between neutrals and ions.
The problem is less straightforward for slow modes. The crucial point is the relation between k + c and k dec . By equaling k + c, (Eq. (78), Eq. (79)) and k dec, = ν ni /V A , we get a parameter-dependent critical ionization degree
for sub-Alfvénic turbulence. Given the parameters in Model 1, Eq. (108) gives ξ i,cr ≈ 2.15 × 10 −4 . When ξ i > ξ i,cr , k + c is smaller than k dec (see Fig. 3(b) ). Similar to fast modes, the turbulent energy spectra of two fluids dissipate together and do not cause linewidth differences. But in the other situation, when ξ i < ξ i,cr , the damping scale of ions 1/k + c is smaller than 1/k dec . Since the damping scale of Alfvén modes is also smaller than 1/k dec , according to Eq. (83), slow modes have k dec < k dam in this situation. Accordingly, the analysis present in Case (2) in Section 5.1 and Section 5.2 also applies to slow modes.
A SUMMARY OF IMPORTANT RESULTS
Because of the multitude of turbulent regimes and damping effects, we have provided the expressions of k dam and ∆σ 2 in a wide variety of situations. From an observational point of view, a recapitulation of the results in most typical situations might be useful. We summarize them as follows.
Super-Alfvénic, Kolmogorov, neutral-ion collisions--In the case of Kolmogorov turbulence and damping dominated by neutral-ion collisions, the damping scale is (Eq. (48a))
The squared velocity dispersions are (Case (1) in Section 5.1)
Their difference depends on the total k dam .
Super-Alfvénic, MHD, neutral-ion collisions--The damping scale perpendicular to magnetic field is (Eq. (49))
which is independent of B. The squared velocity dispersions are (Case (2) in Section 5.1)
Their difference depends on k dam,⊥ .
Sub-Alfvénic, strong, neutral-ion collisions--In strong turbulence regime, the perpendicular damping scale can be expressed as a function of B (or V A ) (Eq. (52))
The squared velocity dispersions and their difference are (Section 5.2)
In fact, the first situation with Kolmogorov turbulence is not common in molecular clouds. We listed here in order to have a comparison with earlier work assuming isotropic turbulence (e.g. LH08) in our next section. The dependence of ∆σ 2 on k dam,⊥ instead of k dam is a direct consequence of turbulence anisotropy, which is critical in determining magnetic field from observed molecular clouds.
7. DETERMINATION OF MAGNETIC FIELD Attention to obtaining magnetic field in molecular clouds has been paid exclusively in earlier studies. Determination of magnetic field strength is of fundamental importance in understanding dynamics and processes, e.g. star formation, arising in molecular clouds. LH08 proposed a new technique of measuring the strength of the plane-of-the-sky component of magnetic field embedded in molecular clouds, by using the observed differences between the velocity dispersion spectra of the ions and the neutrals. In preceding sections, we provided analytical expressions for damping scales of ions in different turbulent regimes. They are not only essential in explaining different line widths of neutrals and ions, but also serve as a possible tool for measuring magnetic field strength through their explicit dependence on magnetic field. Although there is a possibility that slow modes can also induce the differences in line widths for certain parameters, we restrict ourselves to Alfvén modes in this section since they carry most of the MHD turbulence energy (Cho & Lazarian 2005) .
Dependence of magnetic field on the damping scale
As discussed earlier, damping due to neutral viscosity may lead to a wider line width of ions than neutrals, which hasn't been found by any current observation. So here we only discuss the case where neutral viscosity is negligible.
(1) Super-Alfvénic turbulence We rewrite Eq. (48) and get
We recall that there is an alternative way of getting k dam when k −1 dam < l A . Lower limit wave number of the "cutoff" region k + (Eq. (B2a)) gives (52), we can reach a convenient form of B as
Here we show the dependence of B on the damping scale. In observations, in order to evaluate magnetic field strength, k dam should be first estimated from the measurements on ∆σ 2 . By combining ∆σ 2 expressed by k dam and expressions of B presented here, B can be rewritten in terms of observational parameters. We will discuss the application on measuring B from the observations of velocity dispersion spectra in Section 7.3.
Comparison with LH08
LH08 suggested an expression to estimate the strength of the plane-of-the-sky component of magnetic field in molecular clouds. It is instructive to perform a comparison between LH08 method and this work. We start by revisiting their theoretical investigation. The ambipolar Reynolds number is defined as ( Zweibel 2002) ,
i.e. "effective magnetic Reynolds number" in LH08, despite the minor change they made. Here
is the effective magnetic diffusivity (Zweibel 2002; Biskamp 2003) . LH08 claim that when the condition R AD ∼ 1 holds, magnetic field, along with ions, easily decouples from neutrals. In fact, we can rewrite R AD = 1 as
under the assumption ρ i ≪ ρ n . The left-hand side is the characteristic diffusion time for magnetic field at a scale of l, given by Zweibel (2002) . It means that R AD ∼ 1 indicates an equilibrium between magnetic field diffusion time and the turbulent eddy turn over time (the right-hand side). The corresponding scale is called the "ambipolar diffusion scale" L AD in LH08 (termed as L ′ in their paper). The scalings that Eq. (123) deals with are isotropic. If adopting Kolmogorov scaling for velocity, i.e.,
Hence, magnetic field strength is given by
where k AD = 1/L AD . We found that, under the assumptions (a) ξ n ∼ 1, (b) Kolmogorov scaling, and (c) k AD = k dam , the analytical expression of B given by LH08 is basically the same as our result for super-Alfvénic turbulence with negligible neutral viscosity and k The main differences from our work is the missing essential information about MHD turbulence in LH08. The results reported in this paper reveal that damping scales, as well as magnetic field, vary with different turbulent regimes. We claim that only when using the actual model of MHD turbulence can one obtain the analytical expressions for the magnetic field. As a result, the formula of B in LH08 is applicable only when the damping scale is in one very special regime of Alfvénic turbulence, i.e. 1/k dam > l A . When 1/k dam < l A , the linewidth differences do not depend on magnetic field strength.
Below we will follow the same general approach outlined in LH08 for analyzing the observational velocity dispersion spectra, but apply the theory of turbulence damping developed in this work to determine the magnetic field embedded in molecular clouds. The obvious differences are that, first of all, our study shows that the linewidth for neutrals and ions are different for different regimes of magnetized turbulence. This calls for defining the regime of turbulence and checking the self-consistency of the results obtained with the technique at hand. Second, the anisotropy of Alfvénic turbulence is in most cases very prominent at small scales. Thus this anisotropy must be explicitly accounted for if quantitative measures of magnetic field are sought. In addition, the explicit expressions of the turbulent velocity dispersion spectra that we obtained allow additional ways of studying magnetic fields.
Applications with velocity dispersion spectra in molecular clouds
In Section 7.1 we expressed magnetic field strength B in terms of k dam . Also we showed in Section 5 that k dam (or k dam,⊥ in most cases) can be observationally obtained through measurement of ∆σ 2 . This provides us with the way of evaluating B using the respective formula in different turbulent regimes.
The essential base of magnetic field determination is to identify the turbulence properties. Our study indicates that to relate the linewidth difference with the magnetic field one must know the media magnetization. This does not eliminate the utility of the technique of obtaining magnetic field strength, as the initial value may be only approximate based on measurements using other techniques, e.g. ChandrasekharFermi technique 6 (see Chandrasekhar & Fermi 1953; Falceta-Gonçalves et al. 2008; Houde et al. 2013b ), Zeeman observations (Crutcher et al. 2010) , and measurements of turbulence anisotropy (Lazarian et al. 2001; Esquivel & Lazarian 2005 Tofflemire et al. 2011) . Then the magnetic field strength obtained through the differences of the squared velocity dispersions can be used to correct the values of magnetization and also test the consistency of the results.
In what follows we pursue a limited aim of exemplifying the use of our analytical description on the difference of neutralion linewidths for studying magnetic field, showing the similarities and differences in the procedures that we propose with those in LH08. In this work, we will generally show how to identify the turbulent regime and extract information on magnetic field from velocity dispersion spectra in both superand sub-Alfvénic turbulent molecular clouds. The application with observational data and results on magnetic field evaluation will be provided in a forthcoming paper. The relative importance of neutral viscosity can be determined by r (Section 3.3) with environment parameters provided. Here we only discuss the situation with negligible neutral viscosity for simplicity.
(1) Super-Alfvénic turbulent cloud We follow the approach in LH08 for analyzing the parameters of velocity dispersion spectra. The expressions of the squared velocity dispersions we obtained in Section 5.1 can be compared with the fits to observed data (LH08). That is,
Here a, b are fit parameters to the lower envelope of the observed σ 2 of neutrals and ions. And p is beam size in unit of angular measurement, which can be rewritten in terms of the distance d and subcloud length scale k −1 , by p = 206265/(kd). This fit is obtained by changing the resolution of the telescope. Moreover, We also neglect the term containing k −2/3 ν in σ 2 n (k) due to its relatively small value. Hence, from Eq. (126), (111), and (114), we can arrive at n = 2/3, (127a)
We assume that if we deal with Alfvénic turbulence, n value should be 2/3 (GS95). The discrepancy between this value and the observed data in LH08 and the subsequent publications (Hezareh et al. 2010 (Hezareh et al. , 2014 may indicate that other processes apart from Alfvénic turbulence interfere with the linewidths. For instance, compressible motions also impact the observed spectral index. The energy spectrum of fast modes can lead to a shallower turbulent velocity dispersion spectrum with n = 1/2 (Cho & Lazarian 2002) . It can also come from an Alfvénic turbulent spectrum different from GS95 model. The scaling relations and scale-dependent anisotropy of Alfvénic turbulence with an arbitrary spectrum index are presented in the appendix in Lazarian & Vishniac (1999) , while considering magnetic reconnection in GS59 type turbulence. Assuming the observationally measured "n" corresponds to the actual turbulence power spectrum, the above analysis can be easily validated by adjusting the scaling relations shown in Section 2 accordingly. But it is more likely due to the limitations related to recovering of the 3-D dispersion from the observed 2-D values (Falceta-Gonçalves et al. 2010) . The "n" obtained from the lower envelope of the line of sight (LOS) velocity dispersions may not exactly follow the actual velocity dispersion spectrum (see more discussions in Section 8.3). Notice that the spectral index n does not depend on the LOS direction, since it arises from MHD turbulence in the global frame of reference, i.e. the only reference frame available for observations integrated along the LOS (see Cho & Lazarian 2003; Esquivel & Lazarian 2005) . While this issue deserves a separate investigation, for our limited purposes of exemplifying possibilities of our approach, we assume that n = 2/3, which corresponds well to the theoretical expectation of strong Alfvénic cascade (GS95) and numerical studies (e.g. Cho & Lazarian 2003; Kowal & Lazarian 2010) . Combining Eq. (127b), (127c) and V A value obtained from the estimated magnetic field, we obtain
When k dam (or k dam,⊥ )l A < 1, we are in isotropic Kolmogorov turbulence regime. Accordingly, Eq. (118a) applies. Taking advantage of Eq. (127b) and (127c), Eq. (118a) can be expressed in terms of the parameters a and b, so B can be observationally obtained
With Kolmogorov scaling used, the formula employed by LH08 is very close to Eq. (118a). They both can be used to evaluate magnetic field strength. When k dam (or k dam,⊥ )l A > 1, we are in anisotropic MHD turbulence regime. As is discussed earlier, unlike isotropic turbulence, B in this regime depends on the parallel component of k dam . Eq. (127c) takes the form
and k dam,⊥ is independent to B (Eq. (113)). Therefore, the approach of evaluating B in this regime is not practically feasible. In this case, either Eq. (118a) or LH08 formula can not reach a correct evaluation of B.
To examine the validity of Eq. (118a) in both Kolmogorov and MHD turbulent regimes, we carry out a numerical test using the parameters of Model 1, but keep M A as a free parameter by adjusting V L . Fig. 6(a) exhibits the error of the measured magnetic field, B ′ , using Eq. (118a) as a function of k dam l A . We found at scales smaller than l A , B ′ underestimates the real B. This shows in a sense how much Eq. (118a) or LH08 formula deviates from the real magnetic field strength when it is applied in anisotropic MHD turbulent regime. It indicates that in an observed super-Alfvénic cloud, when k −1 dam is slightly smaller than l A , the effect of turbulence anisotropy can be included in error bars. But when k −1 dam is sufficiently smaller than l A , turbulence local anisotropy develops to such an extent that the magnetic field strength given by LH08 formula will be far away from the actual value. Take the cloud given by Model 1 for example, k dam l A ∼ 344, the corresponding error is as large as ∼ 80%.
(2) Sub-Alfvénic turbulent cloud With the help of Zeeman measurement or turbulence anisotropy technique (see above), a cloud can be preliminarily determined as a sub-Alfvénic turbulent source.
The observed larger velocity dispersion of neutrals compared to that of ions rules out the situation where k
(see the discussion at the end of Section 5.2). Hence, by comparing Eq. (126) with (117), we can get On the other hand, we find a straightforward way to derive B from the fitted velocity dispersion spectrum. Eq. (131b) alone can give,
If we assume the injection scale L is comparable to the cloud's diameter, then the above expression becomes
is the angular diameter of the cloud. In particular, V L is especially important for determination of B due to its 4th power dependence.
It is necessary to point out that LH08 method, with the assumption of isotropic super-Alfvénic turbulence, can not apply to sub-Alfvénic molecular clouds. We again perform a numerical test by using the parameters from Model 2, but keep L as a free parameter. Fig. 6(b) presents the error of the measured B ′ by employing Eq. (118a) in comparison with the real B, as a function of k dam l tr . It shows in strong turbulence regime in a sub-Alfvénic cloud, LH08 approach can underestimate the magnetic field strength considerably even when 1/k dam is comparable to l tr . At a smaller scale, for instance, k dam l tr ∼ 1.5 × 10 6 in the Model 2 cloud, the error comes to the maximum ∼ 100%. Fig. 6 informs us LH08 technique for measuring magnetic field in real clouds, indeed, can give reliable estimates when the damping takes place in Kolmogorov turbulence regime, i.e. 1/k dam > l A . But, more commonly, 1/k dam < l A in a super-Alfvénic cloud and 1/k dam < l tr in a sub-Alfvénic cloud, LH08 technique can lead to an severe underestimate of the real B. For the former case, if 1/k dam is relatively large, e.g. k dam l A ∼ 10, LH08 estimate can be considered as a lower limit of the real B and a zeroth order approximation which needs to be tested for the consistency through Eq. (128) and corrected. But when 1/k dam is much smaller than l A (M A > 1) or l tr (M A < 1), LH08 method is not applicable.
An alternative method for determining B is given in Appendix C. In consideration of the possible discrepancy between the lower envelope of the 2-D velocity dispersions and the actual 3-D one, instead of using the turbulent velocity dispersion spectra, we directly use the constant difference between the squared velocity dispersions of neutrals and ions. We will apply these methods to observational data in our following work. It is worthwhile to notice that all these measurements suffer uncertainties due to LOS effect, which will be discussed in the following section.
Effects of angle between magnetic field and line of sight
A limitation of our analysis is that we assumed the LOS direction is perpendicular to the mean magnetic field for the measurements in the sub-Alfvénic regime. When we consider Alfvénic turbulence, the turbulent motions that account for the observed velocity dispersions are in the direction perpendicular to the magnetic field. But in practice, an observer can only measure the projected velocity dispersion along LOS, i.e. σ LOS . We next briefly discuss the effect of this observational limitation on evaluation of B.
Consider first sub-Alfvénic turbulence. All eddies of different sizes basically align with the global mean magnetic field B 0 . Then the LOS component of σ is
where α is the angle between B 0 and LOS. Accordingly,
Therefore, the measured B can be biased. We take the case when k −1 dam < l tr as an example. When employing Eq. (C4), we will get an underestimated B,
Here we estimate V L using the global σ measured at the cloud size. The measurement of turbulent velocity (i.e., velocity dispersion) in super-Alfvénic turbulence does not depend on LOS orientation, since the fluid motions are isotropic above the scale l A (Eq. (1)). If a telescope's beam size is larger than l A , most contribution in the observed σ is from hydrolike motions, so LOS direction is irrelevant. But if the beam size is smaller than l A , within each l A -size eddy, all smaller eddies can be considered aligning along the local mean magnetic field of the l A -size eddy, B(l A ). Similar to above analysis, the turbulent velocity at scale l (l < l A ) has a projection on LOS direction as v l,LOS = v l sin α. Here α is the angle between B(l A ) and LOS. Since each LOS crosses regions with random B(l A ) orientations, the observed σ 2 LOS is an average over all orientations,
where (α 1 , α 2 ) is the range of angles between the l A -size eddies and LOS. Accordingly, ∆σ 2 LOS = ∆σ 2 sin 2 α . We see for MHD turbulence in super-Alfvénic case, although ∆σ 2 is independent of magnetic field strength, the observed LOS component of ∆σ 2 depends on the orientations of local mean magnetic field at l A scale.
Since the fit parameter a(= −∆σ 2 LOS ) and b in Eq. (127) and (131) are also subject to the LOS effect, the orientation of magnetic field to LOS introduces additional uncertainties for determining magnetic field from the difference between the velocity dispersion spectra of neutrals and ions.
8. DISCUSSIONS 8.1. Turbulence in partially ionized gas: comparison with selected earlier works Waves in partially ionized gas are the subject well studied (e.g., Braginskii 1965; Kumar & Roberts 2003; Zaqarashvili et al. 2011; Soler et al. 2013a,b) . However, MHD turbulence is different from linear waves. Difference in the properties of compressible and incompressible motions, and anisotropy of MHD turbulence must be taken into account. Numerical studies in Cho & Lazarian (2002 , 2003 quantified the coupling between the fast, slow and Alfvén modes and provided the basis for our present study. In particular, these studies show that it is legitimate to consider the Alfvénic cascade independently from the cascades of other modes (see also GS95, Lithwick & Goldreich 2001; Cho et al. 2002b) . To quantify the differences between the linewidths, we calculated the differences of the squared velocity dispersions of neutrals and ions arising from the differences of the damping acting on these species. In this paper we focused our attention on the Alfvénic cascade, since the other fundamental components, fast modes and slow modes are more efficiently damped and do not have differential damping in neutrals and ions, unless under a particular condition, slow modes are damped in weakly coupled regime. This potentially opens a possibility of studying the ratio of the intensities of the latter components to that of Alfvénic component. Indeed, the expressions that we obtained for the linewidth differences depend on the properties of the Alfvénic component of the turbulence. At the same time, the velocity dispersion at a sufficiently large scale depends on the amplitudes of all three components of turbulent cascade. Note, that the separation into modes and studying the effects of individual modes has been proved to be a fruitful way for cosmic ray studies (see Yan & Lazarian 2002 , 2008 Brunetti & Lazarian 2007 Xu & Yan 2013; Lazarian & Yan 2014) .
From the observational point of view, only the large-scale anisotropy is attainable (Heyer et al. 2008; Heyer & Brunt 2012 , also shown by the synthetic observations in Esquivel & Lazarian 2005) . That makes our formulae expressed in terms of the parameters at the driving scale of turbulence, i.e. L and V L , more valuable in practice. We would like to stress the fact that the super-Alfvénic (or transAlfvénic) turbulence observed at a cloud scale does not mean the anisotropies of turbulence are negligible also at the damping scale. As the amplitude of velocity perturbations decreases with scale, turbulence transfers from Kolmogorovlike at large scales to GS95 type at scales smaller than l A . Our study shows the scale of interest k −1 dam is much smaller than l A in a typical molecular cloud (Model 1, see Fig. 1 ), where the approach described in this paper instead of LH08 is required.
On the other hand, the equilibrium state in the linear analysis is assumed as a homogeneous partially ionized plasma. But in a real molecular cloud, when the inhomogeneity in density is significant, local M A may differ considerably from the global value at large scales. In particular, substantial density fluctuations expected in high-M A turbulence can appreciably change the local value of V A , affecting the locally measured M A . In this situation turbulence which is globally sub-Alfvénic can have super-Alfvénic dense clumps (Burkhart et al. 2009 ). Considering this complexity, for such high-density subvolumes our analysis should be modified with the local value of M A to be used rather than that for the entire cloud.
We consider MHD turbulence in partially ionized gas. This type of turbulence has been studied both numerically and analytically (see Lithwick & Goldreich 2001; Tilley & Balsara 2010; Mac Low 2002; . In particular, Lithwick & Goldreich (2001) (henceforth LG01) studied super-Alfvénic compressible MHD turbulence in an iondominated medium with β 1. In that work neutral-neutral collisions were neglected, and only neutral-ion collisional damping were considered. Through a different approach by including the force that neutrals exert on ions in the momentum equation in the derivation of dispersion relation, LG01 obtained the damping rates in asymptotic limits (equation (39) in LG01),
Here m n and m i are neutral and ion mass. L N = cs νni ( 2mi mn ) 1/2 is the neutral mean free path (equation (37) in LG01), but has different definition from our l n . In comparison, the damping rates presented in this paper are general. Specifically, in decoupling regime, Eq. (20b) in this paper agrees with the above expression at kL N ≫ 1. In the other limit when viscosity of neutrals dominates damping (kL N ≪ 1), Eq. (59) in this paper recovers Eq. (138a) in ion dominated environment, where neutral mean free path is determined by their interactions with ions. An important point to be stressed is that, in LG01, the damping rate in strong coupling regime is expressed in terms of k. Namely, damping is isotropic in their consideration. They also adopt the approximation k ⊥ ≈ k throughout their paper. In comparison, our analysis shows damping rate depends on the angle between k and B (see e.g., Eq. (45b)). Our analysis of the anisotropic damping and cascade allows us to decompose k dam into k dam,⊥ and k dam, , which turns out to be crucial in explaining the observed difference between the velocity dispersion spectra of the neutrals and ions.
A different treatment of MHD turbulence in partially ionized gas was given in . The authors predicted interesting new effects, e.g. the resurrection of MHD cascade in ions. However, their paper considers only the effects of neutral drag, which corresponds to r > 1 in the present study. In the present paper we consider both neutral viscosity and neutral-ion damping. However, we did not go into considering all the cases of media covered in .
The possible influence of compressible modes as well as more cases of partially ionized media we are going to study in subsequent publications. Interpretation of linewidth differences requires the detailed knowledge of the energy distribution in different modes. This potentially can be available through the analysis of observations (see Burkhart & Lazarian 2013) . Burkhart et al. (2014) investigated the behavior of Alfvén modes in neutrals and ions by performing two-fluid MHD simulations. They confirmed that neutrals and ions form hydro and MHD cascades separately as they decouple at the decoupling scale. They found Alfvén modes in super-Alfvénic turbulence damps below the decoupling scale. That is consistent with our findings on the relation between decoupling and damping scales (see Eq. (35)). A detailed quantitative comparison of the dependence of damping on turbulence parameters, e.g., L, V L , M A , presented in this work with their simulations will be a good test of our theoretical work.
Differences between the squared velocity dispersions in neutrals and ions
The difference between the turbulent velocity dispersion spectra of coexistent neutrals and ions is a known observational fact (Houde et al. 2000a,b; Lai et al. 2003 and references therein) . The work by Houde et al. (2004) related this difference to ambipolar diffusion and the later work LH08 related this to the differential damping of turbulence in the fluids of neutrals and ions. The latter work is different from our study in an important way, namely, we employ our knowledge of the properties of MHD turbulent cascade to calculate the damping. On the basis of the up-to-date understanding of MHD turbulence, we found the variations of damping are determined by turbulent regimes and anisotropy. Our investigation confronts the essence of Alfvénic turbulence and provides solutions which can be extensively applied in diverse ISM conditions. Our analysis did not take into account the possible differences in masses of different ionized and neutral species and its effect on differential damping. This is based on the assumption that the frequencies of magnetic perturbations that we study are much smaller than the resonance frequencies of ions with different masses. This approximation is well motivated for the problem of linewidth differences that we address.
Magnetic field measurements
Our study results in revealing several regimes which entail different dependence of the differences of squared velocity dispersions on the underlying magnetic field. It shows the ability of determining magnetic field strength from the observed linewidth differences is limited. This is in contrast to LH08 where a single universal expression relating the magnetic field with the measured difference between the squared velocity dispersion spectra of neutrals and ions was suggested. In practice, we identified the limited parameter space for which LH08 technique can be applied. It is restricted by the stringent condition that the turbulence should be super-Alfvénic for the entire inertial range, from injection to damping, which is not common in typical molecular clouds. In all other cases different expressions should be employed. We found that when the damping scale is smaller than l A in super-Alfvénic turbulence, the difference between the squared velocity dispersions of neutrals and ions is uncorrelated with magnetic field strength. Therefore evaluating magnetic field from the linewidth differences in this regime is not feasible. In cases when the linewidth differences can tell us the strength of the underlying magnetic field, we obtained expressions applicable in different observational situations. The accuracy of this technique will be tested by further research.
To distinguish the regimes of turbulence we need additional data. Fortunately, new techniques have been developed to distinguish reliably super-and sub-Alfvénic turbulence.
Those include studies of anisotropy from centroids (Lazarian & Pogosyan 2000; Esquivel & Lazarian 2005 as well as more complex techniques like Tsallis analysis (e.g., Esquivel & Lazarian 2011) . With this information one then can use the corresponding expressions to obtain the actual value of the strength of magnetic field. A comparison of the approximate M A obtained by the above techniques and one obtained with the linewidth differences can make the evaluation of magnetic field strength more reliable.
In other words, instead of the direct interpretation of the linewidth differences in terms of magnetic field, as this is suggested in LH08, we propose a phased approach, where one first identifies the regime of turbulence and then uses the difference in neutral-ion linewidths to obtain the magnetization of the media with higher precision.
Our study shows that the interpretation of the difference of linewidths of neutrals and ions in terms of magnetic field is not so straightforward as it follows from LH08 paper. The main complication augmented in this paper is related to the necessity of knowing the regime of turbulence in order to apply the appropriate expression for evaluating magnetic field, as discussed above. The second set of complications is related to determining 3-D velocity dispersions from the observed 2-D velocity dispersion distribution as was discussed by Falceta-Gonçalves et al. (2010) . Especially, we are not convinced that one should so much rely on the value of the turbulence spectral index that follows from relating 2D and 3D velocity dispersions. The theoretically motivated relation between the observed spectral indexes and that of the underlying spectrum of Alfvénic turbulence (see Lazarian & Pogosyan 2004 , 2006 , 2008 , cannot account for the aforementioned relation between the observed 2D and true 3D statistics. Instead, the empirical relation between them is only approximate, as explained in Falceta-Gonçalves et al. (2010) . The measurement of the turbulence spectral index near the damping scale is an additional complication, which is expected to distort the index compared to its value at the inertial range.
7 Moreover, only Alfvénic turbulence is considered in interpreting the different velocity dispersion spectra, but in fact both compressible and incompressible motions influence the spectral index measured in a way suggested in LH08. The potential effect of slow modes in contributing to linewidth differences can also decrease the accuracy of the magnetic field measurement with only Alfvén modes taken into account.
Nevertheless, one should not dismiss the utility of the new way of obtaining magnetic fields. It is well known that magnetic fields are notoriously difficult to measure in astrophysics. For instance, one of the popular ways of measuring magnetic field is based on the Chandrasekhar Fermi technique which is known to have limited accuracy related both to the technique (see Chandrasekhar & Fermi 1953; Falceta-Gonçalves et al. 2008; Houde et al. 2013b and references therein) and to the assumption that grains are equally aligned at different depths in the cloud. The variations of grain alignment degree that follow from the modern theory of grain alignment (see Lazarian 2007 for a review) introduce an additional complication for the quantitative study of magnetic fields with the Chandrasekhar-Fermi technique.
In many branches of astrophysical research, including the application of Chandrasekhar-Fermi technique, it is frequently assumed that MHD turbulence is isotropic. For some applications, e.g. cosmic ray propagation and acceleration, it has been shown that this improper assumption results in substantial errors (see Yan & Lazarian 2002 , 2008 . Chandrasekhar-Fermi Method was first proposed for estimating magnetic field in low-density sub-Alfvénic regions (Chandrasekhar & Fermi 1953) , where turbulence anisotropy can be prominent (see e.g., Houde et al. 2013a ). But the issue on turbulence anisotropy has not been studied yet. Our present study probed one of the astrophysical problems associated with MHD turbulence, and demonstrates that the key to an accurate quantitative explanation on the observed linewidth differences is a proper comprehensive description of MHD turbulence.
9. SUMMARY Motivated by the observed linewidth differences between molecular neutral and ion species, we performed a thorough analysis on Alfvénic turbulence cascade in partially ionized medium. Meanwhile, fast modes are found to be irrelevant in interpreting linewidth differences, since they are damped out when neutrals and ions are still coupled. While the damping of slow modes strongly depends on parameters. Within a particular set of parameters, the differential damping can exist and result in linewidth differences of neutrals and ions.
Following the modern prescription of MHD turbulence, we acquired different expressions of damping scales in various turbulent regimes. With the aim to fully capture the variety of astrophysical situations, we have considered both super-and sub-Alfvénic turbulence. In terms of damping we considered both neutral-ion collisions and neutral viscosity, and defined the conditions when either of the effects is dominant.
We confirmed the observed linewidth differences can be explained by the different turbulent damping scales of neutral and ion fluids. However, we found that the differences depend on the regime of magnetic turbulence. We provided analytical expressions for the difference between the squared velocity dispersions of neutrals and ions for different regimes of turbulence. It is important that for some regimes the explicit expressions of damping scales allow us to deduce magnetic field strength in astrophysical applications.
By comparing with LH08 model, we found that their approach provides expression that is correct only when turbulence anisotropy on the damping scales can be discarded. Our work provides the expressions for different regimes of Alfvénic turbulence with different turbulence properties and varying degrees of anisotropy.
On the basis of our study we propose new ways of studying magnetic field for both super-and sub-Alfvénic turbulence. These new techniques are intended to synergistically augment the existing ways of studying magnetic fields in turbulent molecular clouds and interstellar media.
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APPENDIX TURBULENT ENERGY DISSIPATION
The anisotropy of turbulence damping has been studied earlier in Yan & Lazarian (2004) . However, their study was focused on the fast modes for which the effect of anisotropic damping was found extremely important. The cascading of fast modes is radically different from that of Alfvén modes which we mainly deal with in this paper. Therefore the approach in Yan & Lazarian (2004) should be modified to take into account the efficient redistribution of energies over different directions in k space as the Alfvén modes cascade.
In what follows we use the explicit form of the Alfvén modes' energy tensor and calculate the damping for different directions of wave vector at a particular k ⊥ . Then since in the process of Alfvénic cascading, the directions of wavevectors are randomized, it is reasonable to consider the total energy dissipation integrated over all angles between k and B. In a sense this is the limit case corresponding to the most efficient energy dissipation.
Here we only discuss the case where the energy is dissipated through neutral-ion collisions.
(1) Super-Alfvénic turbulence In Kolmogorov turbulence regime, i.e. l A < k −1 < L, the turbulent energy spectrum is isotropic. The energy transfer rate along the cascade is
where τ −1 cas is the cascading rate from Eq. (5a), and E(k) is given by Eq. (86). The energy loss due to neutral-ion collisions during one eddy turn over time, namely, the energy dissipation rate is
where ω I is taken from Eq. (45b), and cos 2 θ is a statistical average over all angles. The scale on which neutral-ion collisions are efficient enough to cut off the Alfvénic turbulence is the damping scale. If we set
we arrive at k dam = 2 
the same as Eq. (48a). In MHD turbulence regime (k −1 < l A ), turbulent energy has anisotropic distribution in k space. Following the above method, the energy cascading rate is η c (k ⊥ , k ) = E(k ⊥ , k )τ 
where E(k ⊥ , k ) is the 3-D energy density given by Eq. (84). We can see η c (k ⊥ , k ) has the largest value when k ∼ 0. It means the energy cascade is highly anisotropic and mainly acts in the direction perpendicular to the magnetic field. At a given k ⊥ , instead of using the scaling indicated by Eq. (3), we integrate the above equation over all directions, and get
Here k −1 extends to a sufficiently small scale, so that we can neglect the second term in the integral. The 3-D energy dissipation rate is
It decreases at both limit directions k ∼ 0 and k ∼ k max , and reaches the largest value when k ∼ l 
By equaling η d (k ⊥ ) and η c (k ⊥ ), we get the perpendicular damping scale
only different from Eq. (49) by a constant. We notice in fact, the energy dissipation rate is limited by the energy cascading rate. By using the parameters of Model 1, Fig. 7(a) shows η c (k ⊥ , k ) (dashed line) and η d (k ⊥ , k ) (solid line) as a function of θ at k ⊥ l A = 50 as an example. There are a range of directions in which η d (k ⊥ , k ) is larger than η c (k ⊥ , k ), which cannot happen in reality. By taking this effect into account, we set η c (k ⊥ , k ) as the actual η d (k ⊥ , k ) when η d (k ⊥ , k ) exceeds η c (k ⊥ , k ) in a certain propagation direction. Then we numerically integrate the modified η d (k ⊥ , k ) over all directions. If we increase B by 10 times, the results (thinner lines) overlaps the ones with smaller B. It confirms our earlier conclusion that k dam,⊥ is independent of B in strong MHD turbulence for super-Alfvénic case.
(2) Sub-Alfvénic turbulence In strong turbulence at k −1 < l tr , the 3-D energy density is expressed in Eq. (99). Similar to super-Alfvénic case, we have the energy cascading rate η c (k ⊥ , k ) = E(k ⊥ , k )τ 
It becomes at a certain k ⊥ . The energy dissipation rate is
By integrating over all directions, we get
The equality between η c (k ⊥ ) and η d (k ⊥ ) leads to
only different from Eq. (52) by a constant. We again modify η d (k ⊥ , k ) to be not larger than η c (k ⊥ , k ) in any direction. Fig. 8 shows the integrals η c (k ⊥ ) and η d (k ⊥ ) by using parameters from Model 2. The same symbols as Fig. 7(b) are used here. Different from the super-Alfvénic case, when we increase B by 10 times to 0.87 mG, both η c (k ⊥ ) and η d (k ⊥ ) (thicker lines) shift, together with k dam,⊥ given by Eq. (A14). It shows in strong sub-Alfvénic turbulence, k dam,⊥ indeed depends on B. And the dependence is well described by Eq. (A14) (or Eq. (52)). Assuming that the randomization of wave vectors in the cascading process is so fast that we get an upper estimate of the dissipation which provides a order of unity correspondence with the results in the main text of the paper. One can argue that the dissipation of energy at angles close to 90 degree (see Figure 7 (a)) may happen faster than the replenishment of energy during the cascade. However, if this happens, we expect that the Alfvénic cascade with k ⊥ ≫ k stops. The consistency of the estimates in the Appendix and main text supports this idea. Naturally, numerical studies of the cascade in ion-electron and neutral fluids can test the accuracy of our assumption.
ALTERNATIVE OBSERVATION TECHNIQUE ON MAGNETIC FIELD DETERMINATION
The main limitations of present observations (Section 7.3) is that notable uncertainties can be introduced when employing the lower envelope of the 2-D velocity dispersions as the real 3-D one. We next introduce an alternative technique with the aim of achieving more accurate observational data and reliable determination of magnetic field.
Super-Alfvénic case
For a molecular cloud within super-Alfvénic turbulence regime, our analysis showed the difference of the squared velocity dispersions of neutrals and ions is (Section 5.1)
If we take the case with neglected neutral viscosity as an example, in combination with Eq. (118), B can be expressed in terms of ∆σ 2 , only for k
We see that, to determine k dam and B, parameters ∆σ 2 , V L , and L are needed. V L can be taken as the global turbulent velocity measured at the cloud size ∼ L. ∆σ 2 is the difference between the neutral and ion squared velocity dispersions, independent of length scales. Thus we can avoid the uncertainties from multiple-scale measurements.
Sub-Alfvénic case
We consider k dam in strong turbulence regime. Similar to super-Alfvénic case, with V L , ∆σ 2 , and L measured using aforementioned method, on the ground of ∆σ
k dam,⊥ becomes a function of a single variable B. Together with the expressions of B, both k dam,⊥ (∼ k dam ) and B can be evaluated. In combination with Eq. (120), we obtain 
